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1. Introduction

An important step in the analysis and design of control sysieme mathematical modelling of
the controlled process. There are a number of mathematicadeatagons to describe a controlled
process:

Differential equations: You have learned this before.

Transfer function: It is defined as the ratio of the Laplace transform ofahgput variable to the
Laplace transform of the input variable, with all zero initial conditions.

Block diagram: It is used to represent all types of systems. It can &&, iggether with transfer
functions, to describe the cause and effect relationships throughout the system.

Sate-space-representation:  You will study this in an advanced Control Systems Design course.

1.1. Linear Time-Variant and Linear Time-Invariant Systems

Definition 1: A time-variable differential equation is a differential equation with one or more of its
coefficients are functions of time, t. For example, the differential equation:

d?y(t

S0 4 y) = uo
(where u and y are dependent variables) is time-variable sirecdetm d?y/dt?
depends explicitly on t through the coefficient t

t2

An example of dime-varying system is a spacecraft system which the mass of spacecrafgeba
during flight due to fuel consumption.

Definition 2: A time-invariant differential equation is a differential equation in which none of its
coefficients depend on the independent time variable, t. For exampldifférential
equation:

d’y(t) , | dy(t) _
m e +b ot +y(t) = u(t)
where the coefficients m and b are constants, is time-antagince the equation
depends only implicitly on t through the dependent variables y and utheid
derivatives.
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Dynamic systems that are described by linear, constantaestf differential equations are called
linear time-invariant (LTI) systems.

2. Transfer Function of Linear Time-Invariant (LTI) Systems

The transfer function of a linear, time-invariant system isnddf as the ratio of the Laplace
transform of the output (response function), Y(sffy(t)}, to the Laplace transform of the input
(driving function) U(s) =£{u(t)}, under the assumption that all initial conditions are zero.

u(t) —{ System differential equation—> Y(t)

Taking the Laplace transform with zero initial conditions,

U(s)—  System transfer function —— Y(s)

)

Transfer function:  G(s) =
ue)

A dynamic system can be described by the following time-invariant eliffied equation:

n n-1
MO I TO RN

dtn n-1 dtn_l + a1 + aOy(t)

dmu(t)+b dm‘lu(t)+_“
™ dt™ g™t

du(t)

=b +b, —*+b,u(t
a7 Pou(®)

Taking the Laplace transform and considering zero initial conditions we have:
(ans” +a,_s"" +.--+as+a, )Y (o = (bmsm +b s"'+.--+bs+b, )U ©
The transfer function between u(t) and y(t) is given by:

_Y@® _b,s"+b,s"+---+bs+b, _ M)
U as"+a,, s +--+as+a, N@

G(@S)

where G(s) = M(S)/N(s) is the transfer function of theaystthe roots of N(s) are call@dles of
the system and the roots of M(s) are calkerbs of the system. By setting the denominator
function to zero, we obtain what is referred to ascti@@acteristic equation:

ash+ @S+ [ as +a=0

We shall see later that the stability of linear, SISQesgys is completely governed by the roots of
the characteristic equation.
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A transfer function has the following properties:
» The transfer function is defined only for a linear time-invargystem. It is not defined
for nonlinear systems.
* The transfer function between a pair of input and output variables isatibeof the
Laplace transform of the output to the Laplace transform of the input.
» All initial conditions of the system are set to zero.
» The transfer function is independent of the input of the system.

To derive the transfer function of a system, we use the following procedures:
1. Develop the differential equation for the system by using thesigdlylaws, e.g.
Newton'’s laws and Kirchhoff's laws.

2. Take the Laplace transform of the differential equation under the zerbadaitditions.
3. Take the ratio of the output Y(s) to the input U(s). This ratio is the transféiofunc
Example: Consider the following RC circuit. R
1) Find the transfer function of the network,
Vo(s)IVi(s). O— O
2) Find the responsg(¥) for a unit-step input, i.e.
v,(t) = 0 t<0 v;(t) C____ v/
1 t=20
Solution: O O
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Exercise: Consider the LCR electrical network shown in the figure beldwnd the transfer
function G(s) = \(s)/Vi(s).

R L i(t)
o— ()] >—T—o

vi(®) V(1)

°l |

Exercise: Find the time response af(t) of the above system for R = 25C = 0.5F, L=0.5H and

0 t<O
vi(t) = .
2 t=0
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Exercise: In the mechanical system shown in the figure, m is the mass, Kk is thg apnistant, b is
the friction constant, u(t) is an external applied force and y(t) is the ngsdiiplacement.

/]

/= AAN—

? —=| m — u(t)
AN _—b OO0

1) Find the differential equation of the system
2) Find the transfer function between the input U(s) and the output Y(s).



ECM2105 - Control Engineering Dr Mustafa M Aziz (2010)

3. Block Diagrams

A block diagram of a system is a pictorial representationheffunctions performed by each
component and of the flow of signals. The block diagram gives an overview of tha.syste

Block diagram items:

Transfer R
+ function l

The above figure shows the way the various items in block diagreanepresented. Arrows are
used to represent the directions of signal flow. A summing powhése signals are algebraically
added together. The takeoff point is similar to the electricalititakeoff point. The block is
usually drawn with its transfer funciton written inside it.

We will use the following terminology for block diagrams throughout this course:

R(s) = reference input (command) R(s) E(s) Y(s)
Y(s) = output (controlled variable) G(s) >
U(s) = input (actuating signal)
E(s) = error signal

F(s) = feedback signal

G(s) = forward path transfer function H(s)
H(s) = feedback transfer fucntion F(s)

A

Single block:

) Y
© e Y(9=GEUE

U(s) is the input to the block, Y(s) is the output of the block and i&¢be transfer function of the
block.

Series connection:

U X Y
® oo ] 6 =7 YO=606u0

A 4
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Parallel connection (feed forward):

A

G,(s)

u(s) FoY(s)

Y(8) = [Gu(s) + G2A9)]U(9)

+

A 4

G,(s)

Negative feedback system (closed-loop system):

R(s) E(s) Y(s)
G(s) >

Y(s) _ G(s
R(S 1+G(9

The closed loop transfer function:

Exercise: Find the closed-loop transfer function for the following block diagram:

R(s) E(s) Y(s)
G(s) >

A

H(s)

F(s)
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Exercise: A control system has a forward path of two elements wihsfer functions K and
1/(s+1) as shown. If the feedback path has a transfer function siswhattransfer function of the
closed loop system.

R(S) 1 Y(s)
+ s+1 "

Moving a summing point ahead of a block:

R(s) Y(s) R(s) Y(s)
—» G(s) 2 2 G(is)
+ <:(> +
F(s)
1/G(s) [¢——

F(s)

Y(s) = G(s)R(s) F(s)

Moving a summing point beyond a block:

R(s) Y(s) R(s) Y(s)
2 G(s) —» G(s) 2
+ < : > f +
—» G(s)
F(s)

Y(s) = G(s)[R(sk F(s)]

Moving a takeoff point ahead of a block:

R(s) Y(s) R(s) Y(s)
— G(s) » G(s) —>
‘ — !

Y(s)
Y(s) +«— G(s)

Y(s) = G(s)R(s)
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Moving a takeoff point beyond a block:

R(s) Y(s) R(s) Y(S)
G(s) — —> G(s) >
— ,
R(s)
R(s) +— 1/G(s)

Y(s) = G(s)R(s)

Moving a takeoff point ahead of a summing point:

R(s) Y(s)
+ A - <:>
F(s) _Y,(S) F(s)—

Y(s) = R(s)x F(s)

Moving a takeoff point beyond a summing point;

R(s) Y(s)

R(s) Y(s) >
T — F(s)
R(s) F(s) R(s)

Y(s) = R(s)x F(s)

Exercise. Reduce the following block diagram and determine the transfer function.

R(s) + Y(s)

G3(S) >

A\ 4

Gy(s) P Gys)

A

Hy(s)

\ 4

G,(s)

A

H,(s)
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Exercise: Reduce the following block diagram and determine the transfer function.

A 4
I
=

Y(s)

A

10
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4. Multiple Inputs

Control systems often have more than one input. For example, thelle clie input signal
indicating the required value of the controlled variable and alsonput ior inputs due to
disturbances which affect the system. The procedure to obtainlahienhip between the inputs
and the output for such systems is:

1. Set all inputs except one equal to zero

2. Determine the output signal due to this one non-zero input

3. Repeat the above steps for each of the remaining inputs in turn

4. The total output of the system is the algebraic sum (superpysifithe outputs due to each of
the inputs.

Example: Find the output Y(s) of the block diagram in the figure below.

D(s)

R(s) 3 Ye)
G,(s) G,(s) >

H(s)

Solution:

11
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Exercise: Determine the output Y(s) of the following system.

D,(s)
R() ¥ Y(s)
Gy(s) G,(s) >
+_
Hy(s) n H,(s)
+
D,(s)

12
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5. Transfer Functionswith MATLAB

A transfer function of a linear time-invariant (LTI) systeande entered into MATLAB using the
commandt f (num den) where num and den are row vectors containing, respectively, the
coefficients of the numerator and denominator polynomials of theférafiosiction. For example,
the transfer function:

F+1

G(S)Z—Q2+3S+2

can be entered into MATLAB by typing the following on the command line:

num= [3 1];
den =[1 3 2];
G = tf(num den)

The output on the MATLAB command window would be:

Transfer function:
3s +1

sN"2 + 3 s + 2

Once the various transfer functions have been entered, you can commdmmetagether using
arithmetic operations such as addition and multiplication to evalbatdransfer function of a
cascaded system. The following table lists the most commaensysconnections and the
corresponding MATLAB commands to implement them. In the follow®ds refers to the

transfer function of a system, i®YS = Y(S)/R(S).

System MATLAB command

Series connection:

R(S) Y(S) SYS = GL*@&R
— G, » G — or SYS = series(Gl, &)
Parallel connection:
» Gl
. . SYS=GL + @
©) (©) or SYS = parallel (Gl, +&)
+
» G2

Negative feedback connection:

R(s) Y(s)
G(s) >

n SYS = feedback(G H)

A

H(s)

13
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R(s) Y(sz

H |«

Example: Evaluate the transfer function of the feedback sydtemnsin the figure above using
MATLAB where Gi(s) = 4, G(s) = 1/(s+2) and H(s) = 5s.

Solution: Type the following in the MATLAB command line:

GlL = tf([O0 4],[0 1]);
& =tf ([0 1],[1 2]);
H=1tf([50],[0 1]);
SYS = feedback(GL* &2, H)

This produces the following output on the command window (check this result):

Transfer function:

Exercise: Compute the closed-loop transfer function of the following system using MATLAB.
R(S) 1 S+ 2 Y(sz

+ s+1 s+3

A\ 4

14
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6. Time Response Analysiswith MATLAB

After entering the transfer function of a LTI system, we campute and plot the time response of
this system due to different input stimuli in MATLAB. In partiayl we will consider the step
response, the impulse response, the ramp response, and responses to other simple inputs.

6.1. Step response

To plot the unit-step response of the LTI systevis=t f (num den) in MATLAB, we use the
commandst ep( SYS). We can also enter the row vectors of the numerator and denominat
coefficients of the transfer function directly into #teep function:st ep( num den).

Example: Plot the unit-step response of the following system in MATLAB:

Y(s): X+10
RE s°+5%+4

Solution:

Step Response

num= [0 2 10];
den [1 5 4];
SYS = tf(num den);

st ep( SYS)

or directly:

Amplitude

st ep(num den)

MATLAB will then produce the following plot on
the screen. Confirm this plot yourself.

0 1 2 3 4 5 6
Time (sec.)

For a step input of magnitude other than unity, for example K, simpligply the transfer function
SYS by the constank by typingst ep( K*SYS). For example, to plot the response due to a step
input of magnitude 5, we typs ep(5* SYS) .

Notice in the previous example that that time axis was deal®omatically by MATLAB. You can
specify a different time range for evaluating the output respohiis. is done by first defining the
required time range by typing:

t = 0:0.1:10; % Time axis fromO sec to 10 sec in steps of 0.1 sec

and then introducing this time range in theep function as follows:

step(SYS, t) % Pl ot the step response for the given tine range, t

This produces the following plot for the same example above.

15
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Step Response

Amplitude

0 2 4 6 8 10
Time (sec.)

You can also use thst ep function to plot the step responses of multiple LTI systev$i, SYS2,
... etc. on a single figure in MATLAB by typing:

st ep(SYS1, SYS2, .. .)

6.2. Impulse response

The unit-impulse response of a control sys®&Ys=t f (num den) may be plotted in MATLAB
using the functiom npul se( SYS) .

Example: Plot the unit-impulse response of the following system in MATLAB:

YO ._ 5
R X+10

Solution:

[ 0 5] i Impulse Response

den [2 10];
SYS = tf(num den);
i mpul se( SYS)

num

or directly

i mpul se(num den)

Amplitude

This will produce the following output on the
screen. Is that what you would expect?

0 0.2 0.4 0.6 0.8 1 1.2
Time (sec.)

16
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6.3. Ramp response
There is no ramp command in MATLAB. To obtain the unit ramp resportbe tfansfer function
G(s):

= multiply G(s) by 1/s, and

= use the resulting function in tls¢ ep command.

The step command will further multiply the transfer function bytt/snake the input 19s.e.
Laplace transform of a unit-ramp input. For example, consider the system:

Y (S) _ 1
RO s?+s+1

With a unit-ramp input, R(s) = Fisthe output can be written in the form:

1 1
YO =5—>RO="7Z—"—"—
s“+s+l (" +s+1s s

_ 1 Gl
_L?‘+32 +s} S

which is equivalent to multiplying by 1/s and then working out the rgggjponse. To plot the unit-
ramp response of this system, we enter the numerator and denorooefmients of the term in
square brackets into MATLAB:

num
den

[0 00 1];
[1110];
and use thet ep command:

st ep(num den)

The unit ramp response will be plotted by MATLAB as shown below.

Step Response

12

10r

Amplitude
(2]

0 2 4 6 8 10 12
Time (sec.)

17
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6.4. Arbitrary response

To obtain the time response of the LTI systé¥s=t f (num den) to an arbitrary input (e.qg.
exponential function, sinusoidal function .. etc.), we can uséghscommand (stands for 'linear
simulation’) as follows:

I sim(SYS, r,t) or Isimnumden,r,t)

where num and den are the row vectors of the numerator and denominator coefficierttse of
transfer functionr is the input time function, arndis the time range over whichis defined.

Example: Use MATLAB to obtain the output time response of the transfer function:

Yo ._ 2
RS s+3
when the input r is given by r Z.e

Solution: Start by entering the row vectors of the numerator andndeator coefficients in
MATLAB:

num
den

[0 2];
[13];

Then specify the required time range and define the input function, r, over this time:

t
r

0: 0. 1: 6; % Time range fromO to 6 sec in steps of 0.1 sec
exp(-t); % I nput tinme function

Enter the above information into thei mfunction by typing:
| si M num den,r,t)
This would produce the following plot on the screen.

Linear Simulation Results

Amplitude

Time (sec.)

18
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TUTORIAL PROBLEM SHEET 3

1. Find the transfer function between the input force u(t) and the ougmplackment y(t) for the
system shown below.

/]

/ — Y(0
g L

? - m > u()
A_"0bh OO

—

where i and b are the frictional coefficients. Fog b 0.5 N-s/m, b= 1.5 N-s/m, m = 10 kg and

u(t) is a unit-impulse function, what is the response y(t)? Chadkpéot the response with
MATLAB.

2. For the following circuit, find the transfer function between thwput voltage across the
inductor y(t), and the input voltage u(t).

R
Oo— O
u(t) L y(t)
O O

For R =1Q, L =0.1 H, and u(t) is a unit-step function, what is the respgftse Check and plot
the result using MATLAB.

3. Find the transfer function of the electrical circuit shown below.

R L
o— (000" o
u(t) _ y(t)
C
0 O

ForR=1Q,L=0.5H, C=0.5F, and a unit step input u(t) with zero initial ¢mm, compute
y(t). Sketch the time function y(t) and plot it with MATLAB.

19
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Form = 1 kg, k = 1 kgfsb = 0.5 kg/s, and a step input u(t) = 2 N, m _
compute the response y(t) and plot it with MATLAB. IJ_I l
bR Yy

a)
b)

b)

SNONNONNNN

In the mechanical system shown in the figure below, m is the
mass, Kk is the spring constant, b is the friction constant, ufi¢ is k
external applied force and y(t) is the corresponding displacemerlr{(t)

Find the transfer function of this system.

S

Write down the transfer function Y(s)/R(s) of the following block diagram.

R(s) Y(s)
K G(s) >

For G(s) = 1/(s + 10) and K = 10, determine the closed loop transfer function witbABAT
For K = 1, 5, 10, and 100, plot y(t) on the same window for a unit-step r(putith
MATLAB, respectively. Comment on the results.

Repeat (b) with a unit-impulse input r(t).

Find the closed loop transfer function for the following diagram.

R(s) E(s) Y(s)
G(s) >

A

) H(s)

For G(s) = 8/fs+ 7s + 10) and H(s) = s+2, determine the closed loop transfeidiirwith
MATLAB.
Plot y(t) for a unit-step input r(t) with MATLAB.

Determine the transfer function of the following diagram. Check your ansteMATLAB.

R(s + Y(s
(©) [ s o] J 1s )

+
S

» 1/s

20
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8. Determine the transfer function of the following diagram.

R(s) | 50 R | Y(s)
419_’ 1/¢ 2 g S e _£

2/s 2

a) Check you result with MATLAB.
b) Plot y(t) for a unit-impulse input r(t) with MATLAB.

9. Determine the total output Y(s) for the following system.

D(s) N(s)
R(s) E(s) A NUO iy Y(s)
—> G(s) > G.(s) G(s) —>
H(s)

21



